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Abstract. The perturbations in the early universe are generated as a result of the inter-
play between quantum field theory and gravitation. Since these primordial perturbations
lead to the anisotropies in the cosmic microwave background and eventually to the inhomo-
geneities in the Large Scale Structure (LSS), they provide a unique opportunity to probe
issues which are fundamental to our understanding of quantum physics and gravitation. One
such fundamental issue that remains to be satisfactorily addressed is the transition of the
primordial perturbations from their quantum origins to the LSS which can be characterized
completely in terms of classical quantities. Bouncing universes provide an alternative to the
more conventional inflationary paradigm as they can help overcome the horizon problem in
a fashion very similar to inflation. While the problem of the quantum-to-classical transition
of the primordial perturbations has been investigated extensively in the context of inflation,
we find that there has been a rather limited effort towards studying the issue in bouncing
universes. In this work, we analyze certain aspects of this problem with the example of ten-
sor perturbations produced in bouncing universes. We investigate the issue mainly from two
perspectives. Firstly, we approach the problem by examining the extent of squeezing of a
quantum state associated with the tensor perturbations with the help of the Wigner function.
Secondly, we analyze this issue from the perspective of the quantum measurement problem.
In particular, we study the effects of wave function collapse, using a phenomenological model
known as continuous spontaneous localization, on the tensor power spectra. We conclude
with a discussion of results.
1Current address: Inter-University Centre for Astronomy and Astrophysics, Post Bag 4, Ganeshkhind,
Pune 411007, India.
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1 Introduction
The current cosmological observations seem to be well described by the so-called standard
model of cosmology, which consists of the ΛCDM model, supplemented by the inflationary
paradigm [1, 2]. The primary role played by inflation is to provide a causal mechanism
for the generation of the primordial perturbations [3], which later lead to the anisotropies
in the Cosmic Microwave Background (CMB) and eventually to the inhomogeneities in the
Large Scale Structure (LSS) [4]. The nearly scale invariant power spectrum of primordial
perturbations predicted by inflation has been corroborated by the state of the art observations
of the CMB anisotropies by the Planck mission [2]. Despite the fact that inflation has been
successful in helping to overcome some of the problems faced within the hot big bang model,
the issue of the big bang singularity still remains to be addressed. Moreover, the remarkable
efficiency of the inflationary scenario has led to a situation wherein, despite the constant
improvement in the accuracy and precision of the cosmological observations, there seem to
exist too many inflationary models that remain consistent with the data [2]. This situation
has even provoked the question of whether, as a paradigm, inflation can be falsified at all
(in this context, see the popular articles [5]). Due to these reasons, it seems important, even
imperative, to systematically explore alternatives to inflation. One such alternative that has
drawn a lot of attention in the literature are the bouncing scenarios [6].
In bouncing models, the universe goes through an initial phase of contraction, until the
scale factor reaches a minimum value, and it undergoes expansion thereafter [6]. Driving a
bounce often requires one to violate the null energy condition and hence, unlike inflation, they
cannot be driven by simple, canonical scalar fields. In fact, the exact content of the universe
which is responsible for the bounce remains to be satisfactorily understood. Also, concerns
may arise whether quantum gravitational effects can become important at the bounce [7]. To
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avoid such concerns, one often considers completely classical bounces wherein the energy den-
sities of the matter fields driving the bounce always remain much smaller than the Planckian
energy densities. In a fashion similar to slow roll inflation, certain bouncing models referred
to as near-matter bounces, can also generate nearly scale invariant power spectra [8, 9], as is
demanded by the observations [1, 2]. However, while proposing an inflationary model seems
to be a rather easy task (which is reflected in the multitude of such models), a variety of prob-
lems (such as the need for fine tuned initial conditions and the rapid growth of anisotropies,
to name just two) plague the bouncing models [6]. It would be fair to say that a satisfactory
classical bouncing scenario that is devoid of these various issues is yet to be constructed.
The generation of primordial perturbations in the early universe, whether in a bouncing
or in an inflationary scenario, is a result of an interplay between quantum and gravitational
physics [10–12]. Since it is the quantum perturbations that lead to anisotropies in the CMB
and inhomogeneities in the LSS, it provides a unique window to probe fundamental issues
pertaining to quantum and gravitational physics. One such issue of interest is the mechanism
underlying the transition of the quantum perturbations generated in the early universe to the
LSS that can be completely described in terms of correlations involving classical stochastic
variables, in other words, the quantum-to-classical transition of the primordial perturbations.
While the issue of the quantum-to-classical transition of primordial perturbations has
been studied to a good extent in inflation [10–12], we find that there has been hardly any effort
in this direction in the context of bouncing scenarios (see, however, Ref. [13] which addresses
issues similar to what we shall consider here). In this work, we shall investigate this problem
for the case of tensor perturbations produced in a class of bouncing scenarios. We shall
approach the problem from two different perspectives. Firstly, we shall examine the extent
of squeezing of the quantum state associated with the tensor perturbations using the Wigner
function [10]. It has been found that, in the context of inflation, the primordial quantum
perturbations become strongly squeezed once the modes leave the Hubble radius [11, 12].
In strongly squeezed states, the quantum expectation values can be indistinguishable from
classical stochastic averages of the correlation functions, such as those used to characterize
the anisotropies in the CMB and the LSS [10]. Specifically, we shall investigate if the Wigner
function and the parameter describing the extent of squeezing behave in a similar manner in
the bouncing scenarios.
Secondly, we shall study the issue from the perspective of a quantum measurement
problem. The quantum measurement problem concerns the phenomenon by which a quan-
tum state upon measurement collapses to one of the eigenstates of the observable under
measurement. In the cosmological context, this problem translates as to how the quantum
state of the primordial perturbations collapse into the eigenstate, say, corresponding to the
CMB observed today. This problem is aggravated in the cosmological context due to the
fact that there were no observers in the early universe to carry out any measurements [14].
One of the proposals which addresses the quantum measurement problem is the so-called
Continuous Spontaneous Localization (CSL) model [15]. The advantage of using the CSL
model to study the quantum measurement problem in the context of cosmology is that, in
this model, the collapse of the wavefunction occurs without the presence of an observer. In
the CSL model, the Schro¨dinger equation is modified by adding non-linear and stochastic
terms which suppress the quantum effects in the classical domain, and also reproduce the
predictions of quantum mechanics in the quantum regime (for reviews, see Refs. [16]). In
the context of inflation, there have been attempts to understand the quantum measurement
problem by employing the CSL model [17, 18]. Motivated by these efforts in the context of
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inflation, in this work, we shall investigate the quantum-to-classical transition in bouncing
scenarios from the two perspectives described above.
The remainder of this paper is organized as follows. In Sec. 2, working in the Schro¨dinger
picture, we shall quickly review the quantization of the tensor perturbations in an evolving
universe and arrive at the wavefunction governing the perturbations. In Sec. 3, we shall
describe the evolution of the tensor perturbations in a specific matter bounce scenario and
obtain the resulting tensor power spectrum. In Sec. 4, using the Wigner function, we shall
examine the squeezing of the quantum state describing the tensor modes as they evolve
in a matter bounce. In Sec. 5, after a brief summary of the essential aspects of the CSL
mechanism, we shall study its imprints on the tensor power spectrum produced in a matter
bounce. In Sec. 6, we shall discuss the evolution of the tensor perturbations in a more generic
bounce and evaluate the corresponding tensor power spectrum, including the effects due to
CSL. Finally, in Sec. 7, we shall conclude with a brief summary of the main results.
Note that we shall work with natural units wherein ~ = c = 1, and define the Planck
mass to be M
Pl
= (8piG)−1/2. Working in (3 + 1)-spacetime dimensions, we shall adopt the
metric signature of (+,−,−,−). Also, overprimes shall denote differentiation with respect
to the conformal time coordinate η.
2 Quantization of the tensor perturbations in the Schro¨dinger picture
We shall consider a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) universe
which is described by the line element
ds2 = a2(η)
(
dη2 − δij dxi dxj
)
, (2.1)
where a(η) denotes the scale factor, with η being the conformal time coordinate. Upon taking
into account the tensor perturbations, say, hij , the FLRW metric assumes the form
ds2 = a2(η)
[
dη2 − (δij + hij) dxi dxj
]
, (2.2)
where hij satisfies the traceless and transverse conditions (i.e. h
i
i = 0 and ∂jh
ij = 0).
The second order action governing the tensor perturbations hij is given by (see the
following reviews [3])
δ2S =
M2
Pl
8
∫
dη
∫
d3x a2(η)
[
h′2ij − (∂hij)2
]
. (2.3)
The homogeneity and isotropy of the background metric permits the following Fourier de-
composition of the tensor perturbations:
hij(η,x) =
2∑
s=1
∫
d3k
(2pi)3/2
εsij(k)hk(η) e
ik·x, (2.4)
where εsij(k) denotes the polarization tensor, with s representing the helicity. The polariza-
tion tensor satisfies the normalization condition: εrij(k) ε
s∗
ij (k) = 2 δ
rs [3]. In terms of the
Fourier modes hk, the second order action (2.3) can be expressed as
δ2S =
M2
Pl
2
∫
dη
∫
d3k a2(η)
[
h′k(η)h
′∗
k (η)− k2 hk(η)h∗k(η)
]
, (2.5)
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where k = |k|. Note that, since hij(η,x) is real, the integral over k runs over only half of the
Fourier space, i.e. R3+.
It proves to be convenient to express the tensor modes in terms of the so-called Mukhanov-
Sasaki variable uk as hk = (
√
2/M
Pl
) (uk/a) [3]. In terms of the Mukhanov-Sasaki variable,
the second order action (2.3) takes the form
δ2S =
∫
dη
∫
d3k
[
u′k u
′∗
k − ω2k(η)uk u∗k
]
, (2.6)
where
ω2k(η) = k
2 − a
′′
a
. (2.7)
It should be noted that, upon varying the action with respect to uk, one obtains the following
equation of motion governing uk:
u′′k + ω
2
k(η)uk = 0. (2.8)
The momenta associated with the variables uk and u
∗
k are given by
pk = u
′∗
k , p
∗
k = u
′
k. (2.9)
The Hamiltonian associated with the above second order action can be determined to be
H =
∫
d3k
[
pk p
∗
k + ω
2
k(η)uk u
∗
k
]
. (2.10)
To carry out the quantization procedure, we need to deal with real variables (see, for instance,
Refs. [10, 12]). Hence, let us write the variables uk and pk as
uk =
1√
2
(
uRk + i u
I
k
)
, pk =
1√
2
(
pRk + i p
I
k
)
, (2.11)
where the superscripts R and I denote the real and imaginary parts of the corresponding
quantities. In terms of these new variables, the Hamiltonian H is given by
H =
∫
d3k Hk =
∫
d3k
(
HRk + H
I
k
)
, (2.12)
where
HR,Ik =
1
2
(pR,Ik )
2 +
1
2
ω2k(η) (u
R,I
k )
2. (2.13)
It is evident from the structure of the Hamiltonian H that each variable uR,Ik evolves inde-
pendently as a parametric oscillator with the time-dependent frequency ωk(η). Therefore,
the complete quantum state of the system, say, Ψ(uk, η), can be written as a product of the
wavefunctions of the individual modes, say, ψk(uk, η), in the following form:
Ψ(uk, η) =
∏
k
ψk(uk, η) =
∏
k
ψRk (u
R
k , η) ψ
I
k(u
I
k, η). (2.14)
Quantization of the tensor perturbations can be achieved by promoting the variables uR,Ik
and pR,Ik to quantum operators which satisfy the following non-trivial canonical commutation
relations: [
uˆRk , pˆ
R
k′
]
= i δ(3)(k − k′), [uˆIk, pˆIk′] = i δ(3)(k − k′). (2.15)
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The Schro¨dinger equation governing the evolution of the quantum state ψR,Ik corresponding
to the mode k is given by
i
∂ψR,Ik
∂η
= HˆR,Ik ψ
R,I
k . (2.16)
Upon using the following representation for uˆR,Ik and pˆ
R,I
k :
uˆR,Ik Ψ = u
R,I
k Ψ, pˆ
R,I
k Ψ = −i
∂Ψ
∂uR,Ik
, (2.17)
one can write the Hamiltonian operator in Fourier space HˆR,Ik as
HˆR,Ik = −
1
2
∂2
∂(uR,Ik )
2
+
1
2
ω2k(η) (uˆ
R,I
k )
2. (2.18)
It is well known that the wavefunction characterizing a time-dependent oscillator evolving
from an initial ground state can be expressed as (see, for instance, Refs. [10])
ψR,Ik (u
R,I
k , η) = Nk(η) exp−
[
Ωk(η) (u
R,I
k )
2
]
, (2.19)
where Nk is the normalization constant which can be determined (up to a phase) to be Nk =(
2 ΩRk /pi
)1/4
, with ΩRk denoting the real part of Ωk. If we now write Ωk = −(i/2) f ′k/fk and
substitute the above wave function in the Schro¨dinger equation (2.16), then one finds that the
function fk satisfies the same classical equation of motion [i.e. Eq. (2.8)] as the Mukhanov-
Sasaki variable uk. In other words, if we know the solution to the classical Mukhanov-Sasaki
equation, then we can arrive at the complete wavefunction ψR,Ik [cf. Eq. (2.19)] describing the
tensor modes. (Note that, since the equation governing fk and uk are the same, hereafter,
we shall often refer to fk as the tensor mode.)
3 Tensor modes and power spectrum in a matter bounce
We shall be interested in bouncing scenarios where the scale factor a(η) is of the form
a(η) = a0
[
1 + (η/η0)
2
]p
= a0
[
1 + (k0 η)
2
]p
, (3.1)
where a0 is the minimum value of the scale factor at the bounce (i.e. at η = 0), p is a positive
real number, and η0 = k0
−1 is the time scale associated with the bounce. It is clear from the
form of the scale factor that the universe starts in a contracting phase at large negative η
with the scale factor reaching a minimum at η = 0, and expands thereafter.
Before we discuss the case of evolution of the tensor modes in a bouncing universe
characterized by an arbitrary value of p, it is instructive to consider the simpler case of
p = 1. Such a bounce is often referred to as a matter bounce, since, at early times, far away
from the bounce, the scale factor behaves in the same manner as in a matter dominated era,
i.e. as a(η) ∝ η2. The evolution of the tensor modes and the resulting power spectrum in
such a matter bounce has been discussed before (see for instance, Refs. [19–21]). For the
sake of completeness, we shall briefly present the essential derivation here.
We need to evolve the modes from early times during the contracting phase, across the
bounce until a suitable time after the bounce, when we have to evaluate the power spectrum.
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In order to arrive at an analytical expression for the tensor modes, it is convenient to divide
this period of interest into two domains. Let the time range −∞ < η < −αη0 be the first
domain, where the parameter α is a large number, say, 105. This period is far away from
the bounce and corresponds to very early times, Since, in this domain, η  −η0, the scale
factor behaves as a(η) ' a0 (k0 η)2. Therefore, the differential equation describing the tensor
modes in the first domain reduces to
f ′′k +
(
k2 − 2
η2
)
fk ' 0. (3.2)
This is exactly the equation of motion satisfied by the tensor modes in de Sitter inflation,
whose solutions are well known [20].
If we assume that, at very early times during the contracting phase, the oscillator
corresponding to each tensor mode is in its ground state, then, we require that Ωk = k/2 for
η  −η0. This, in turn, corresponds to demanding that, for η  −η0, the tensor mode fk
behaves as
fk(η) ' 1√
2 k
ei k η, (3.3)
which essentially corresponds to the Bunch-Davies initial condition, had we been working in
the Heisenberg picture [22]. Let ηk be the time when k
2 = a′′/a, i.e. when the modes leave
the Hubble radius during the contracting phase. For cosmological modes such that k/k0  1,
ηk ' −
√
2/k. (If, say, k0/a0 ' MPl , one finds that k/k0 is of the order of 10−28 or so for
scales of cosmological interest.) The Bunch-Davies initial condition can be imposed when
η  ηk. We shall assume that ηk  −αη0, which corresponds to k  k0/α. Since, as we
mentioned, Eq. (3.2) resembles that of the equation in de Sitter inflation, the tensor mode fk
satisfying the Bunch-Davies initial condition can be immediately written down to be [19–21]
f
(I)
k (η) =
1√
2 k
(
1 +
i
k η
)
ei k η. (3.4)
The solution f
(I)
k we have obtained above corresponds to the first domain, i.e. over
−∞ < η < −αη0. Let us now turn to the evolution of the mode during the second domain,
which covers the period of bounce. The domain corresponds −αη0 < η < β η0, where
we shall assume β to be of the order of 102. Over this domain, for scales of our interest
(i.e. k  k0/α), we can ignore the k2 term in Eq. (2.8) which governs fk. In such a case,
the equation simplifies to
f ′′k −
a′′
a
fk ' 0 (3.5)
or, equivalently, in terms of the original variable hk, to
h′′k + 2
a′
a
h′k ' 0. (3.6)
Using the exact form (3.1) of the scale factor, this equation can be immediately integrated
to obtain the following solution in the second domain [21]:
f
(II)
k (η) = a(η) [Ak +Bk g(k0 η)] , (3.7)
where Ak and Bk are constants, and the function g(x) is given by
g(x) =
x
1 + x2
+ tan−1(x). (3.8)
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Figure 1. The tensor power spectrum in the matter bounce scenario [i.e. when p = 1 in Eq. (3.1)]
has been plotted as a function of k/k0. Actually, we find that the power spectrum depends only on
the combination k0/a0. We have set k0/(a0MPl) = 10
−5, α = 105 and β = 102 in plotting this figure.
As expected, the power spectrum is scale invariant for modes such that k/(k0/α) 1, the range over
which our analytical approximations are valid.
The constants Ak and Bk are arrived at by matching the solutions f
(I)
k and f
(II)
k and their
derivatives with respect to η at −αη0. We find that Ak and Bk are given by
Ak =
1√
2 k
(
1
a0 α2
) (
1− i k0
αk
)
e−i α k/k0 +Bk g(α), (3.9a)
Bk =
1√
2 k
(
1 + α2
)2
2 a0 α2
(
i k
k0
+
3
α
− 3 i k0
α2 k
)
e−i α k/k0 . (3.9b)
Assuming that the universe transits to the conventional radiation dominated epoch at
the end of the second domain, we evaluate the tensor power spectrum at η = β η0 after the
bounce [21]. Recall that the tensor power spectrum is defined in terms of the mode function
fk(η) as [3]
PT(k) =
8
M2
Pl
k3
2pi2
|fk(η)|2
a2(η)
. (3.10)
On using the solution f
(II)
k above, the tensor power spectrum at η = β/k0 can be expressed
as
PT(k) =
8
M2
Pl
k3
2pi2
|Ak +Bk g(β)|2. (3.11)
We have plotted the resulting tensor power spectrum as a function of k/k0 in Fig. 1 for a
set of values of the parameters. Note that our analytical expressions and the resulting power
– 7 –
spectrum are valid only for modes such that k  (k0/α). It is clear that the power spectrum
is scale invariant over this range of wavenumbers. Such a scale invariant spectrum is indeed
expected to arise in a matter bounce as the scenario is ‘dual’ to de Sitter inflation (in this
context, see Ref. [20]).
4 Squeezing of quantum states associated with tensor modes in the matter
bounce
Having discussed the evolution of the tensor modes through a matter bounce, let us turn our
attention to the behavior of the quantum state ψk. We shall essentially follow the approach
adopted in the context of perturbations generated during inflation [10, 11, 17, 18].
In classical mechanics, one of the ways of understanding the evolution of a system is to
examine its behavior in phase space. However, since canonically conjugate variables cannot
be measured simultaneously in quantum mechanics, a method needs to be devised in order to
compare the evolution of a quantum system with its classical behavior in phase space. As is
well known, one of the ways to understand the evolution of a quantum state is to examine the
behavior of the so-called Wigner function, which is a quasi-probability distribution in phase
space that can be constructed from a given wave function. Recall that the wave function
corresponding to a tensor mode can be expressed as
ψk(uk, η) = ψ
R
k (u
R
k , η) ψ
I
k(u
I
k, η) = N
2
k exp− (2 Ωk uk u∗k) , (4.1)
where, as mentioned before, Nk = (2 Ω
R
k /pi)
1/4, Ωk = −(i/2) f ′k/fk and fk satisfies the
differential equation (2.8). The Wigner function associated with the quantum state (4.1) is
defined as [10, 17, 18]
W (uRk , u
I
k, p
R
k , p
I
k, η) =
1
(2pi)2
∫ ∞
−∞
dx
∫ ∞
−∞
dy ψk
(
uRk +
x
2
, uIk +
y
2
, η
)
×ψ∗k
(
uRk −
x
2
, uIk −
y
2
, η
)
exp− i (pRk x+ pIk y) . (4.2)
The integrals over x and y can be easily evaluated to arrive at the following form for the
Wigner function [17]
W (uRk , u
I
k, p
R
k , p
I
k, η) =
|ψk(uk, η)|2
2piΩRk
exp−
[
1
2 ΩRk
(
pRk + 2 Ω
I
k u
R
k
)2]
× exp−
[
1
2 ΩRk
(
pIk + 2 Ω
I
ku
I
k
)2]
. (4.3)
Since we know the mode functions fk, we can evaluate Ω
R
k and Ω
I
k and thereby determine
the above Wigner function as a function of time. Note that, in inflation, to cover a wide range
in time, one often works with e-folds, say, N , as the time variable. The e-folds are defined
through the relation a(N) = ai exp (N −Ni), where, evidently, a = ai at N = Ni. However,
the exponential function eN is a monotonically growing function and hence does not seem
appropriate to describe bounces. In the context of bounces, particularly the symmetric ones
of our interest, it seems more suitable to introduce a new variable N known as e-N -folds,
which is defined through the relation a(N ) = a0 exp
(N 2/2) [23]. In the matter bounce, the
conformal time coordinate η is related to e-N -folds as
η(N ) = ±k−10
(
eN
2/2 − 1
)1/2
, (4.4)
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Figure 2. The evolution of the Wigner function W (uRk , u
I
k, p
R
k , p
I
k, η) associated with the quantum
state that describes a tensor mode of cosmological interest. Out of the two independent sets of
variables (uRk , p
R
k ) and (u
I
k, p
I
k), we have chosen the set (u
R
k , p
R
k ) and have fixed (u
I
k, p
I
k) = (0, 0) to
illustrate the behavior of the quantity ln [W (uRk , u
I
k, p
R
k , p
I
k, η)]. In plotting these figures, we have set
k0/(a0MPl) = 10
−5 as in the previous figure, and have chosen the mode corresponding to k/k0 =
10−15. The plots correspond to the times N = −13 (top left), N = −12.1 (top right), N = 0 (bottom
left) and N = 5 (bottom right). The first two instances (viz. when N = −13 and N = −12.1)
correspond to situations when the mode is in the strongly sub-Hubble domain and close to Hubble
exit during the contracting phase, respectively. Note that, as time evolves, the Gaussian state that is
initially symmetric in uRk and p
R
k (top left) gets increasingly squeezed about about uk = 0 (top right,
bottom left) as one approaches the bounce, and remains so (bottom right) as the universe begins to
expand. This largely reflects the behavior that occurs in the inflationary scenario.
with N being zero at the bounce, while it is negative before the bounce and positive after.
Using the above relation η(N ), we have converted the Wigner function as a function of N .
In Fig. 2, we have illustrated the behavior of the function in terms of contour plots in the
(uRk , p
R
k )-plane as a tensor mode (corresponding to a scale of cosmological interest) evolves
across the bounce.
In a time-dependent background, the modes associated with quantum fields are generally
expected to get increasingly squeezed as time evolves [11]. Let us now try to understand the
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extent to which the tensor modes are squeezed in the matter bounce scenario. If we define
fk as [17]
fk =
1√
2 k
(u˜k + v˜
∗
k), (4.5)
then the second order differential equation (2.8) governing fk can be written as two coupled
first order differential equations as follows:
u˜′k = i k u˜k +
a′
a
v˜∗k, v˜
′
k = i k v˜k +
a′
a
u˜∗k. (4.6)
The Wronskian, say, W, corresponding to the equation governing fk is defined as W =
f ′k f
∗
k−f ′∗k fk. It can be readily shown using equation (2.8) that dW/dη = 0 or, equivalently, W
is a constant. If we assume that the modes fk satisfy the Bunch-Davies initial condition (3.3),
then one finds that W = i.
In terms of u˜k and v˜k, the Wronskian can be expressed as W = i (|u˜k|2 − |v˜k|2). Since
W = i, we can parametrize the variables u˜k and v˜k as [12, 17]
u˜k = e
i θk cosh (rk), v˜k = e
−i θk+2 i φk sinh (rk), (4.7)
where rk, θk and φk are known as the squeezing parameter, the rotation and squeezing angles,
respectively. On substituting the expressions (4.7) in Eqs. (4.6), one can arrive at a set of
coupled differential equations which determine the behavior of the parameters rk, θk and φk
with respect to η [12, 17]. The coupled differential equations governing these parameters are
given by
r′k =
a′
a
cos (2φk), (4.8a)
φ′k = k −
a′
a
coth (2rk) sin (2φk), (4.8b)
θ′k = k −
a′
a
tanh (rk) sin (2φk). (4.8c)
Our primary quantity of interest is the parameter rk which characterizes the extent of squeez-
ing of the quantum state ψk(uk, η) as the universe evolves [11].
By assuming the scale factor of interest, one can attempt to solve the differential equa-
tions (4.8) to arrive at the behavior of the squeezing parameter. These equations essentially
stem from the original equation (2.8) that determines the evolution of the Mukhanov-Sasaki
variable uk or fk. Since, we already know the solution to fk across the bounce, it would be
simpler to express the parameters rk, θk and φk in terms of fk. To begin with, we find that
the variables u˜k and v˜k can be expressed in terms of fk and its derivative f
′
k as follows:
u˜k =
√
k
2
(
1 +
i
k
a′
a
)
fk − i√
2 k
f ′k, v˜k =
√
k
2
(
1 +
i
k
a′
a
)
f∗k −
i√
2 k
f ′∗k (4.9)
and it is straightforward to examine that |u˜k|2 − |v˜k|2 = 1, as required. Once we have these
two quantities at hand, we can obtain the squeezing parameters rk, φk and θk from the
relations
rk = sinh
−1 (|v˜k|) , φk = 1
2
Arg (u˜kv˜k), θk = Arg (u˜k). (4.10)
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Figure 3. The analytical (in red) and the numerical (in blue) solutions for the squeezing parameter rk
have been plotted as a function of e-N -folds, for a mode corresponding to k/k0 = 10−15 and values of
the parameters of the model mentioned in the earlier figures. Since we begin with the Bunch-Davies
initial condition at very early times, the squeezing parameter rk is close to zero. As the universe
contracts, rk increases till it reaches a maximum at the bounce. Then it decreases to some extent
after the bounce, before the universe is assumed to enter the radiation dominated era.
Using the solutions for fk we have obtained in the case of the matter bounce in the previous
section, we have plotted the behavior of the squeezing parameter rk as a function of e-N -
folds in Fig. 3. We have also independently solved the differential equations (4.8) using
Mathematica [24] to check the validity of the analytical solution for rk. The numerical
solution has also been plotted in the figure. The agreement between the solutions clearly
indicate the extent of accuracy of the analytical solutions. It is evident from the figure
that the wave function associated with the quantum state ψk is increasingly squeezed as
the universe evolves, reaching a maximum at the bounce. In fact, it is this behavior which
was reflected in the behavior of the Wigner function (which had peaks about uk = 0) we
had considered earlier. While there are similarities in the behavior with what occurs in
inflation, there are some crucial differences as well. In inflation, the parameter increases
indefinitely with the duration of inflation [17]. For a duration corresponding to about 60
e-folds of inflation, as is typically required to overcome the horizon problem, rk is found
to grow to about 102 or so. We find that rk grows to the same order of magnitude in the
matter bounce as well. In accordance with the Heisenberg’s uncertainty principle, squeezing
of the quantum state about uk = 0 gives infinite possibilities of the momentum variable pk.
Hence, a squeezed state is not strictly a classical state. But, it has been argued that in a
strongly squeezed quantum state, the vacuum expectation values and the stochastic mean are
indistinguishable, if the perturbations are assumed to be realizations of a classical stochastic
process [10]. In such a sense, one can argue that in the extreme squeezed limit the quantum
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state ’turns’ classical. However, in contrast to inflation where the growth seems indefinite,
in the matter bounce, the parameter rk begins to decrease as the universe begins to expand.
This interesting behavior may point to crucial differences between the quantum-to-classical
transition in inflation and bounces and seem to require further study.
5 CSL modified tensor modes and power spectrum in the matter bounce
As we had described in the introduction, one can also view the transition of primordial
quantum perturbations into the classical LSS as a quantum measurement problem. In other
words, we need to understand as to how the mechanism by which the original state of the
primordial perturbations collapsed into a particular eigenstate which corresponds to the
realization of the CMB observed today. One of the proposals which addresses this issue is
known as the CSL model [15]. The crucial advantage of this model is that a specific realization
can be attained without the presence of an observer. In the rest of the manuscript we will
focus on understanding the effects of CSL on the tensor perturbations in bouncing universes.
5.1 CSL in brief
The CSL model proposes a unified dynamical description which suppresses the quantum
effects, such as the superposition of states in the macroscopic regime, and reproduces the
predictions of quantum mechanics in the microscopic regime. In CSL, a unified dynamical
description is achieved by appropriately modifying the Schro¨dinger equation. This modifi-
cation is carried out by adding nonlinear terms and a stochastic behavior which is encoded
through a Wiener process [15]. The modified Schro¨dinger equation encompasses an ampli-
fication mechanism which makes the new terms negligible in the quantum regime, hence
retrieving the dynamics predicted by quantum mechanics. At the same time, it should make
the new terms dominant in the classical regime, so that the classical-like behavior of the
system is attained in the classical domain (for reviews, see Refs. [16]). Although, it should
be clarified that, in the implementation of CSL for the case of primordial perturbations [17],
the above mentioned amplification mechanism does not arise. Upon taking into account such
modifications, the modified Schro¨dinger equation is given by
dψR,Ik =
[
−i HˆR,Ik dη +
√
γ
(
uˆR,Ik − u¯R,Ik
)
dWη − γ
2
(
uˆR,Ik − u¯R,Ik
)2
dη
]
ψR,Ik , (5.1)
where Hˆk is the original Hamiltonian operator (2.18), γ is the CSL parameter, which is a
measure of the strength of the collapse and Wη denotes a real Wiener process, which is
responsible for the stochastic behavior. If the CSL modified wavefunction ψR,Ik is assumed to
be of the following form [17, 18, 25]
ψR,Ik (u
R,I
k , η) = Nk(η) exp−
[
Ωk(η)
(
uR,Ik − u¯R,Ik
)2
+ i χR,Ik (η)u
R,I
k + i σ
R,I
k (η)
]
, (5.2)
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then the functions Ωk(η), χk(η) and σk(η) have to satisfy the following set of differential
equations
Ω′k = −2 iΩ2k +
i
2
ω2k +
γ
2
, (5.3a)
N ′k
Nk
= ΩIk, (5.3b)(
u¯R,Ik
)′
= χR,Ik +
√
γ
2 ΩRk
Wη ′, (5.3c)(
χR,Ik
)′
= −ω2k u¯R,Ik −
√
γ
ΩIk
ΩRk
Wη ′, (5.3d)(
σR,Ik
)′
=
ω2k
2
(
u¯R,Ik
)2 − 1
2
(
χR,Ik
)2 − ΩRk +√γ ΩIkΩRk u¯R,Ik Wη ′, (5.3e)
where ω2k is given by Eq. (2.7).
In principle, one needs to solve the above set of stochastic differential equations in order
to arrive at a complete understanding of the effects of CSL. However, recall that, our primary
concern is the imprints of CSL on the tensor power spectrum. Note that, earlier, we had
defined Ωk = −(i/2) f ′k/fk and the original Schro¨dinger equation had led to fk satisfying the
Mukhanov-Sasaki equation (2.8). If we now substitute the same expression for Ωk in the
CSL corresponding modified equation (5.3a), we find that fk now satisfies the differential
equation [17]
f ′′k +
(
k2 − i γ − a
′′
a
)
fk = 0, (5.4)
i.e. the effects of CSL is essentially to replace k2 by k2 − i γ. In the following sub-section,
we shall solve this equation in a matter bounce and evaluate the effects of CSL on the tensor
power spectrum.
5.2 CSL modified tensor power spectrum
In this sub-section we shall focus on the evaluation of CSL modified tensor power spectrum
in the matter bounce scenario.
We find that, under certain conditions, even the CSL modified modes can be arrived at
using the approximations we had worked with earlier. If we divide the period of our interest
into two domains, we find that the CSL modified modes in the first domain (i.e. over
−∞ < η < −αη0), which satisfy the Bunch-Davies initial conditions, can be expressed as
(for a discussion on the initial conditions for the case of CSL modified tensor modes, see
Ref. [17])
f
(I)
k (η) =
1√
2 zk k
(
1 +
i
zk k η
)
ei zk k η, (5.5)
where zk =
(
1− i γ/k2)1/2.
In the second domain, i.e. in the time range −αη0 < η < β η0, the term a′′/a in
Eq. (5.4) behaves as a′′/a ≥ 2 k20/(1 +α2). Recall that the modes of cosmological interest are
assumed to be very small compared to k0/α. Hence, if the CSL parameter γ is also assumed
to be very small when compared to k20, then Eq. (5.4) can be approximated to be
f ′′k −
a′′
a
fk ' 0, (5.6)
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exactly as in the unmodified case. Upon integrating this equation, we obtain that
f
(II)
k (η) = a(η)
[
A
(γ)
k +B
(γ)
k g(k0η)
]
, (5.7)
where g(x) is the same function (3.8) we had encountered earlier, while A
(γ)
k and B
(γ)
k are
given by
A
(γ)
k =
1√
2 zk k
1
a0 α2
(
1− i k0
α zk k
)
e−i α zk k/k0 +B(γ)k g(α), (5.8a)
B
(γ)
k =
1√
2 zk k
(
1 + α2
)2
2 a0 α2
(
i zk k
k0
+
3
α
− 3 i k0
α2 zk k
)
e−i α zk k/k0 . (5.8b)
Note that we have arrived at these expressions for A
(γ)
k and B
(γ)
k by matching the solution
f
(II)
k [cf. Eq. (5.5)] and its derivative with the corresponding quantities in the first domain
(i.e. f
(I)
k and its derivative) at η = −αη0. We evaluate the tensor power spectrum after the
bounce at η = β η0 (with β = 10
2), as we had done earlier. It can be expressed as
P(γ)
T
(k) =
8
M2
Pl
k3
2pi2
|A(γ)k +B(γ)k g(β)|2. (5.9)
In Fig. 4 we have plotted logarithm of the ratio of the CSL modified power spectrum to
the unmodified power spectrum, i.e. log [P(γ)
T
(k)/PT(k)], as a function of k/k0, for the same
set of parameters we have worked with earlier and for a few different choices of γ/k20. It is
evident from the figure that, just as in the case of inflation [17], the effect of CSL on the
power spectrum in the matter bounce is to suppress its power at large scales. We find that
the power spectrum behaves as k3 in its suppressed part, exactly as observed in inflation [17].
We also note that, larger the value of the dimensionless parameter γ/k20, smaller is the scale
at which the power gets suppressed. Since, the scales of cosmological interest lie in the range
k/k0 ' 10−30–10−25, if we demand a nearly scale invariant power spectrum for the tensor
modes, the value of the dimensionless parameter γ/k20 is constrained to be γ/k
2
0 . 10−60.
6 Tensor power spectrum in a generic bouncing model
Until now, our discussions have focused on the particular case of the bounce referred to as the
matter bounce scenario described by the scale factor (3.1), with p set to unity. In this section,
we shall turn our attention to a more generic case where p is any positive real number. In
order to arrive at the tensor power spectrum in these models, our approach would be the
same as in Sec. 3, viz. to solve Eq. (2.8) to obtain fk and then evaluate the power spectrum
using the definition (3.10).
6.1 Tensor modes and power spectrum
Following the discussion in Sec. 3, we obtain the tensor modes fk by dividing the time of
interest into two domains and working under suitable approximations. In the first domain,
i.e. over −∞ < η < −αη0, where α  1, the scale factor simplifies to the power law form
a(η) ' a0 (k0 η)2 p. In such a case, the differential equation (2.8) reduces to
f ′′k +
[
k2 − 2 p (2 p− 1)
η2
]
fk = 0, (6.1)
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Figure 4. The logarithm of the ratio of the CSL modified tensor power spectrum to the standard
power spectrum has been plotted as a function of k/k0 for the matter bounce (p = 1) scenario. We
have set k0/(a0MPl) = 10
−5, α = 105 and β = 102, as we had done in Fig. 1. The solid, dashed and
dotted lines correspond to γ/k20 of 10
−40, 10−50 and 10−60, respectively. Note that the introduction
of a CSL parameter γ leads to a suppression of power in the power spectrum at large scales. In the
suppressed part, the power spectrum behaves as k3, which is similar to what occurs in the case of
inflation [17].
and it is well known that the corresponding solutions can be written in terms of Bessel
functions. Upon imposing the Bunch-Davies initial conditions at very early times, we obtain
the modes to be
f
(I)
k (η) =
i
2
√
pi
k
e−i p pi
sin (npi)
(−k η)1/2 [J−n(−k η)− ei n pi Jn(−k η)] , (6.2)
where n = 2 p− 1/2, while Jn(z) is the Bessel function of first kind [26].
In the second domain, i.e. over −αη0 < η < β η0, we can ignore the k2 term in Eq. (2.8)
for reasons discussed earlier. For any arbitrary value of the parameter p, upon integrating
the resulting equation, we find that we can express the modes fk in the domain as follows:
f
(II)
k (η) = a(η) [Ck +Dk g˜(k0 η)] , (6.3)
where the function g˜(x) is given in terms of the hypergeometric function 2F1[a, b; c; z] as
g˜(x) = x 2F1
[
2 p, 12 ;
3
2 ;−x2
]
. (6.4)
The constants Ck and Dk are obtained by matching the solutions in the two domains and
– 15 –
10−30 10−26 10−22 10−18 10−14 10−10 10−6
k/k0
10−10
10−9
10−8
P T
(k
)
Figure 5. The tensor power spectra in bouncing models corresponding to p = 1 (in blue), p = 1.001
(in green) and p = 1.002 (in red) have been plotted as a function of k/k0. We have set k0/(a0MPl) =
10−5, α = 105 and β = 102 as before. Note that the spectrum exhibits a red tilt for p > 1.
their derivatives at η = −αη0. They can be determined to be
Ck =
i
2 a0 αn
√
pi
k0
e−i p pi
sin (npi)
× [J−n(αk/k0)− ei n pi Jn(αk/k0)]+Dk g˜(α), (6.5a)
Dk = − i
2 a0 αn
(
k
k0
) √
pi
k0
e−i p pi
sin (npi)
(
1 + α2
)2 p
× [J−(n+1)(αk/k0) + ei n pi Jn+1(αk/k0)] . (6.5b)
Upon using these expressions in the definition (3.10) of the tensor power spectrum and
evaluating the spectrum after the bounce at η = β/k0, we obtain that
PT(k) =
8
M2Pl
k3
2pi2
|Ck +Dk g˜(β)|2. (6.6)
In Fig. 5 we have plotted the tensor power spectrum for a set of values p as a function of
k/k0 for the same choice of parameters as in Fig. 1. As expected, deviations from p = 1
introduces a tilt to the tensor power spectrum. It is useful to note that the power spectrum
is red for p > 1, as one would expect in inflation.
6.2 Imprints of CSL
We can now readily compute the effect of CSL mechanism on the tensor power spectrum in
a more generic bouncing scenario. In order to calculate the tensor power spectrum, we need
solve the differential equation (5.4) governing fk in the presence of CSL mechanism, which
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effectively replaces k2 in the governing equation by k2 − i γ. All our previous arguments go
through for a general p and hence we shall quickly present the essential results.
We find that the CSL modified tensor mode in the first domain is given by
f
(I)
k (η) =
i
2
√
pi
zk k
e−i p pi
sin(npi)
1√−zk k η
[
J−n(−zk k η)− ei n pi Jn(−zk k η)
]
, (6.7)
where n and zk are given by the same expressions as before. Similarly, in the second domain,
the CSL modified tensor mode can be found to be
f
(II)
k (η) = a(η)
[
C
(γ)
k +D
(γ)
k g˜(k0η)
]
, (6.8)
where, as earlier, g˜(x) is given by Eq. (6.4), while the quantities C
(γ)
k and D
(γ)
k are given by
C
(γ)
k =
i
2 a0 αn
√
pi
k0
e−i p pi
sin (npi)
× [J−n(α zk k/k0)− ei n piJn(α zk k/k0)]+D(γ)k g˜(α), (6.9a)
D
(γ)
k = −
i
2 a0 αn
(
zk k
k0
) √
pi
k0
e−i p pi
sin (npi)
(
1 + α2
)2 p
× [J−(n+1)(α zk k/k0) + ei n pi Jn+1(α zk k/k0)] . (6.9b)
The resulting spectrum evaluated after the bounce at η = β/k0 is given by
P(γ)
T
(k) =
8
M2Pl
k3
2pi2
|C(γ)k +D(γ)k g˜(β)|2. (6.10)
As in the case of the matter bounce, in Fig. 6, we have plotted the logarithm of the ratio of
the CSL modified tensor power spectrum to the unmodified power spectrum, i.e. the quantity
log [P(γ)
T
(k)/PT(k)], for a two different values of p and different values of γ/k20. It is clear
from the figure that the behavior of the power spectrum and the corresponding conclusions
are the same as we had arrived at in the case of the matter bounce.
7 Discussion
Generation of perturbations from quantum fluctuations in the early universe and their evolu-
tion leading to anisotropies in the CMB and inhomogeneities in the LSS provides a wonderful
avenue to understand physics at the interface of quantum mechanics and gravitation. One
such fundamental issue that has to be addressed is the mechanism by which the quantum
perturbations reduce to be described in terms of classical stochastic variables. In this work,
we have investigated the quantum-to-classical transition of primordial quantum perturba-
tions in the context of bouncing universes. Following the footsteps of earlier efforts in this
direction [17], we have approached this issue from two perspectives.
In the first approach, we have investigated the extent of squeezing of the quantum state
associated with a tensor mode as it evolves through a bounce. As in the context of inflation,
the extent of squeezing grows as the modes leave the Hubble radius. However, in contrast
to inflation where it can grow indefinitely (depending on the duration of inflation), we had
found that the squeezing parameter reaches a maximum at the bounce and begins to decrease
thereafter. We had found that this behavior is also reflected in the Wigner function.
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Figure 6. The behavior of log [P(γ)
T
(k)/P
T
(k)] has been plotted as a function of k/k0 for a bounce
with scale factor described by the indices p = 1.001 (in green) and for p = 1.002 (in red). We have
worked with the same values of k0/(a0MPl), α and β as in the earlier figures. The solid, dashed and
dotted curves correspond to γ/k20 of 10
−40, 10−50 and 10−60, respectively. This figure clearly shows
that the CSL mechanism leads to a suppression of power at large scales regardless of the value of p.
Secondly, we had treated this issue as a quantum measurement problem set in the cos-
mological context, i.e. we had investigated the effects of the collapse of the original quantum
state of the perturbations. An approach which have been proposed to achieve such a collapse
is the CSL model. Using the model, we had examined if the tensor power spectra are modi-
fied due to the collapse in a class of bouncing universes. We had found that CSL mechanism
leads to a suppression of the tensor power spectra at large scales, in a manner exactly similar
to what occurs in the inflationary context.
It would be interesting to extend these analyses to the case of scalar perturbations in
bouncing universes [9]. We are currently investigating such issues.
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